Abstract. An (n 3 )-configuration is an incidence structure equivalent to a linear hypergraph on n vertices which is both 3-regular and 3-uniform. We investigate a variant in which one constraint, say 3-regularity, is present, and we allow exactly one line to have size four, exactly one line to have size two, and all other lines to have size three. In particular, we study planar (Euclidean or projective) representations, settling the existence question and adapting Steinitz' theorem for this setting.
Introduction
An incidence structure is a triple (X, L, ι), where X is a set of points, L is a set of lines, and ι ⊆ X × L is a relation called incidence. Here, we assume X is finite, say |X| = n, and no two different lines are incident with the same set of points. In this case, we may identify L as a set system on X. Moreover, we are interested in the 'linearity' condition that two different points are together on at most one line. Equivalently, the points and lines can be regarded as vertices and edges of a (finite) hypergraph; the term 'linear' has corresponding usage for hypergraphs. We make the standard assumption in this setting that each line is incident with at least two points.
A linear incidence structure in which all lines have the same number of points and all points are incident with the same number of lines is called a (combinatorial) configuration. Parameters k and r are typically used for the number of points per line and lines per point, respectively. In alternate language, such an incidence structure is then an r-regular, k-uniform linear hypergraph on n vertices. It is easy to see that the number of lines/edges, say m, satisfies nr = mk.
A geometric configuration is an embedding of the points in the Euclidean (or projective) plane so that lines/edges are drawn as straight lines. Typically, there is an additional requirement that there are no 'unwanted' geometric incidences. The type of a configuration, whether abstract or geometric, is the abbreviation (n r , m k ), or simply (n r ) in the case that n = m and k = r.
Examples. The complete graph K 4 is a (4 3 , 6 2 )-configuration, also known as a quadrangle. The Desargues' configuration is a (10 3 )-configuration. The points and lines of the Fano plane form a (7 3 )-configuration. The quadrangle and Desargues' configuration are geometric, whereas the Fano plane is not.
Combinatorial configurations share some common structure with block designs; for instance, both are pointwise regular and in both cases projective planes furnish extremal examples. Motivated by the allowance of mixed block sizes in pairwise balanced designs, we are inspired to consider mild relaxations of the 'uniformity' constraint on configurations. Since configurations admit a dual
Research of the first author is supported by NSERC grant number 312595-2017. swapping the roles of points and lines, we may equivalently keep uniformity and relax regularity. Such relaxations are briefly considered in [2, §6.8].
Consider a linear incidence structure with n i points of degree r i , i = 1, . . . , s, and m j lines of size k j , j = 1, . . . , t. Counting incidences in two ways, we have
With a reluctance to extend the usage of the term 'configuration', we refer to such a generalization as a pseudo-configuration. For its type, we use a list of point counts n i subscripted by degrees r i , followed by line counts m j subscripted by their sizes k j . (It is best to avoid writing this in general to save the reader from parsing two types of subscripts!) As an example, deleting one point from the Fano plane results in a pseudo-configuration of type (6 3 , 3 2 4 3 ). For another example, placing an extra point on one line of the Desargues' configuration results in a pseudo-configuration of type (1 1 10 3 , 9 3 4 1 ).
In this note, we consider pseudo-configurations of type (n 3 , 1 2 (n − 2) 3 1 4 ), and in particular their geometric realizations. Our main result is that pseudo-configurations of this type exist if and only if n ≥ 9, and in fact there is one with a geometric representation in each case. This is shown in Section 2. On the other hand, not all combinatorial pseudo-configurations of type (n 3 , 1 2 (n − 2) 3 1 4 ) are geometric. We observe that Steinitz' theorem on geometrically representing configurations of type (n 3 ) with at most one curved line assumes a stronger form in our setting, essentially characterizing which of our pseudo-configurations are realizable via their bipartite incidence graph. This is covered in Section 3. We conclude with a few extra remarks, including a connection to 'fuzzy' configurations, in which some points are replaced by intervals.
Existence
Our first result easily settles the existence question for the abstract combinatorial case. Theorem 2.1. There exists a pseudo-configuration of type (n 3 , 1 2 (n − 2) 3 1 4 ) if and only if n ≥ 9.
Proof. Suppose there exists a pseudo-configuration of type (n 3 , 1 2 (n − 2) 3 1 4 ). Consider the line L = {x 1 , x 2 , x 3 , x 4 } of size four. Each point x i is incident with exactly two other lines. These 8 additional lines are distinct, by linearity and the fact that x i , x j are already together on L for each 1 ≤ i < j ≤ 4. It follows that the configuration has at least 9 lines, and so n ≥ 9.
Conversely, suppose n ≥ 9. Let L denote the set of translates of {0, 1, 3} mod n − 1. Then ({0, 1, . . . , n − 2}, L) is an ((n − 1) 3 )-configuration. Add a new point ∞ and take the adjusted family of lines
It is simple to check that ({0, 1, . . . , n − 2, ∞}, L ′ ) is a pseudo-configuration of the desired type.
We turn now to the geometric case. The line adjustments used in the proof of Theorem 2.1 cannot be applied to an arbitrary geometric ((n − 1) 3 ) configuration. Moreover, the Mobiüs-Kantor configuration of type (8 3 ) does not admit a geometric realization. To this end, we start with an example on 9 points. Example 2.2. Figure 1 shows a pseudo-configuration of type (9 3 , 1 2 7 3 1 4 ) given as (a) a projective realization with one point at infinity and (b) a Euclidean realization. The lines of size 2 and 4 are highlighted. The dual incidence structure, in which there is exactly one point of degree 2 and one point of degree 4, is drawn in (c).
(a) projective (b) Euclidean (c) the dual Figure 1 . a geometric pseudo-configuration of type (9 3 , 1 2 7 3 1 4 )
Here, it is helpful to cite a result which is used (very mildly) below, and (more crucially) for our structural considerations in Section 3. This result, due to Steinitz, roughly says that configurations of type (n 3 ) are 'nearly' geometric. However, the reader is encouraged to see Grünbaum's discussion [1, §2.6] of 'unwanted incidences', which in certain cases cannot be avoided. This result, in combination with with Example 2.2 and the existence of combinatorial (n 3 ) configurations for n ≥ 7 allows us to adapt the argument in Theorem 2.1 to a geometric one.
Theorem 2.4. For each n ≥ 9, there exists a pseudo-configuration of type (n 3 , 1 2 (n − 2) 3 1 4 ) with incidences represented as points and lines in the plane.
Proof. First, we consider values n ≥ 14. Take disjoint configurations (X, L) and (Y, H) of types (7 3 ) and ((n − 7) 3 ), respectively. Apply Steinitz' theorem to each. Assume that {x 1 , x 2 , x 3 } ∈ L, yet line x 1 x 2 in the first Steinitz embedding does not contain x 3 . Similarly, suppose {y 1 , y 2 , y 3 } ∈ H where y 3 need not be placed on line y 1 y 2 . If it is not, we align the drawings in the plane such that line x 1 x 2 coincides with line y 1 y 2 , creating a line of size four. We finish by including the additional line x 3 y 3 . If the latter configuration has a geometric realization (which we may assume for n ≥ 16), we can simply place the drawings so that x 3 is on lines y 1 y 2 y 3 , and include x 1 x 2 as an additional line. In either case, we have a geometric pseudo-configuration of type (n 3 , 1 2 (n − 2) 3 1 4 ). For the cases 9 ≤ n ≤ 13, we use direct examples. The case n = 9 is shown in Example 2.2; the other values are shown in Figure 2 . Note that projective points are used in some cases, as indicated. Example 2.5. As an illustration of the proof technique, Figure 3 shows how two Fano planes with missing incidences can be aligned to produce a pseudo-configuration of the desired type for n = 14. In Theorem 2.4, we merely proved the existence of one pseudo-configuration of type (n 3 , 1 2 (n−2) 3 1 4 ) having a geometric representation. It is easy to build (combinatorial) pseudo-configurations which are non-geometric using a similar method.
Proposition 3.1. For each n ≥ 14, there exists a pseudo-configuration of type (n 3 , 1 2 (n − 2) 3 1 4 ) with no planar representation.
Proof. Take disjoint configurations (X, L) and (Y, H) of types (7 3 ) and ((n − 7) 3 ), respectively. Consider the configuration (X ∪ Y, K), where K is formed from the lines of L ∪ H by replacing lines {x 1 , x 2 , x 3 } ∈ L and {y 1 , y 2 , y 3 } ∈ H with {x 1 , x 2 , x 3 , y 4 } and {y 2 , y 3 }. This configuration has the desired type. It is non-geometric, since its 'restriction' to X is the Fano plane, which has no planar realization.
Given an incidence structure (X, L, ι), its Levi graph is the bipartite graph with vertex partition (X, L) and edge set {{x, L} : (x, L) ∈ ι}. It is easy to see that the Levi graph of a linear incidence structure, and hence of a pseudo-configuration, has girth at least six. Steinitz' argument for obtaining geometric representations essentially works by iteratively removing vertices of lowest degree in the Levi graph, and then drawing the corresponding objects (as needed) in reverse.
We can use the Levi graph to test when a combinatorial pseudo-configuration of our type has a geometric representation.
Theorem 3.2.
A pseudo-configuration of type (n 3 , 1 2 (n − 2) 3 1 4 ) has a geometric realization if and only if its Levi graph contains no cut-edge whose removal leaves a 3-regular component whose corresponding configuration is non-geometric.
Proof. Necessity of the condition is obvious.
For sufficiency, consider the Levi graph of a pseudo-configuration of type (n 3 , 1 2 (n − 2) 3 1 4 ). Remove the unique vertex of degree 2, and iteratively remove a vertex of degree less than 3 until there are no more such vertices. Either we succeed in eliminating all vertices of the graph, or some 3-regular subgraph is left over. In the latter case, note that the last vertex removed corresponds to one of the points on the line of size four.
If all vertices are eliminated, simply reverse the list of deletions and follow Steinitz' argument. Since vertices get 'added back' with degree at most two, we obtain a sequence of instructions of one of the following types: placing a new point, drawing a new line, placing a point on an existing line, drawing a line through an existing point, placing a point on the intersection of two existing lines, and drawing a line through a pair of existing points. Each instruction can be carried out in the plane, and we have the desired representation.
Suppose a nonempty 3-regular graph remains after removing vertices. By our assumption, it is the Levi graph of an (n 3 ) configuration which admits a geometric representation. Carry out the instructions as above to reverse vertex deletions, ensuring to begin by placing a new point on the cut-vertex to create a line of size four. This again produces a representation of incidences in the plane.
As a simple consequence, we may successfully carry out Steinitz' procedure in this setting provided the vertex of degree four in the Levi graph is incident with no cut-edge.
Discussion
A general method which we have found often works for the explicit construction of geometric pseudoconfigurations can be loosely described as 'moving incidences'. It is generally not possible to simply move a point onto an existing line. But, sometimes, a configuration can be perturbed slightly to achieve this. (In doing so, some care must be taken to avoid unwanted incidences.) Our hope is that such a process can be systematically described. In this case, it would lead to a wide assortment of pseudo-configurations as modifications of known configurations. If done in sufficient generality, such a process might handle other types beyond our simple case study of (n 3 , 1 2 (n − 2) 3 1 4 ). One possible way this can succeed is through the intermediate step of a 'fuzzy' realization, which we loosely define as a collection of lines with points and intervals on the lines so that the type and incidences of a given (pseudo-)configuration are represented. In this setting, an interval is declared incident with a line if it intersects that line.
Consider the example (10 3 ) configuration shown in Figure 4 (a). We have removed one point, say x, and replaced it by an interval I on two of the lines containing x. With I interpreted as an abstract point, the resulting incidence structure is a pseudo-configuration of type (10 3 , 1 2 8 3 1 4 ).
Under mild conditions, it is often possible to turn a geometric (n 3 ) configuration into a fuzzy pseudoconfiguration of type (n 3 , 1 2 (n − 2) 3 1 4 ) by moving one of its points, say x, into an interval I on another line. To obtain a realization or representation, it suffices to shrink the interval I to a point while maintaining other incidences. This latter step is possible in the case of the pseudo-configuration in Figure 4 , and in a few other cases we considered. We feel an important question is identifying sufficient conditions for when such interval-eliminating perturbation can be carried out in general.
We have not attempted any enumeration or classification of pseudo-configurations. But such work may offer some insight into a partial correspondence between, say, geometric ((n−1) 3 ) configurations and pseudo-configurations of type (n 3 , 1 2 (n − 2) 3 1 4 ).
